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Abstract—Next-generation cellular standards may leverage
the large bandwidth available at millimeter wave (mmWave)
frequencies to provide gigabit-per-second data rates in outdoor
wireless systems. A main challenge in realizing mmWave cellular
is achieving sufficient operating link margin, which is enabled
via directional beamforming with large antenna arrays. Due
to the high cost and power consumption of high-bandwidth
mixed-signal devices, mmWave beamforming will likely include
a combination of analog and digital processing. In this paper, we
develop an iterative hybrid beamforming algorithm for the single
user mmWave channel. The proposed algorithm accounts for the
limitations of analog beamforming circuitry and assumes only
partial channel knowledge at both the base and mobile stations.
The precoding strategy exploits the sparse nature of the mmWave
channel and uses a variant of matching pursuit to provide
simple solutions to the hybrid beamforming problem. Simulation
results show that the proposed algorithm can approach the rates
achieved by unconstrained digital beamforming solutions.

I. I NTRODUCTION
Millimeter wave (mmWave) communication is one potential
technology for future outdoor cellular systems [1]–[4]. Beamforming in outdoor mmWave systems will be critical in overcoming high pathloss and achieving reasonable link budgets.
Large beamforming gains are made possible by the fact that,
at mmWave frequencies, large antenna arrays can be packed
into small form factors. Unfortunately, the high cost of mixedsignal components makes digital baseband beamforming, the
default solution in microwave systems, impossible.
Analog RF beamforming solutions were proposed in [3],
[5], [6], and were largely based on controlling the phase
of the signal transmitted by each antenna via a network
of analog phase shifters. Several solutions, known as beam
training algorithms, were proposed to iteratively design the
analog beamforming coefficients in systems without channel
knowledge at the transmitter. In [5], a binary search beam
training algorithm over a layered multi-resolution beamforming codebook was proposed, and a similar concept was used in
the IEEE 802.15.3c standard [3]. In [6], multiple beams with
unique signatures were simultaneously used to minimize the
required beam training time. Unfortunately, the performance
of analog strategies such as those in [3], [5], [6] is in general
sub-optimal due to the limitations of by analog beamforming
hardware. Such limitations are (i) the difficulty of controlling
signal amplitude, and (ii) the potentially low-resolution signal
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phase control. To achieve larger beamforming gains, and to
enable precoding multiple data streams, hybrid analog/digital
processing strategies were proposed in [7]–[9]. In [7], an
antenna selection-based algorithm was proposed to overcome
the problem of having only a few RF chains to drive a larger
number of transmit antennas; antenna selection, however,
makes almost no use of the limited yet non-negligible digital
capability of mmWave hardware. In [8], hybrid beamforming and combining algorithms were developed to minimize
the received signal’s mean-squared error in the presence of
mmWave interference without actually attempting to maximize
the mmWave link’s spectral efficiency. In [9], the mmWave
channel’s sparse multipath structure [10]–[14], and the algorithmic concept of basis pursuit, were leveraged in the design
of hybrid precoders that attempt approach capacity assuming
perfect channel knowledge is available to the transmitter.
In this paper, we propose a single-user hybrid precoding
algorithm for mmWave systems with large antenna arrays at
both the base station (BS) and mobile station (MS). Motivated
by the characteristics of mmWave propagation, we consider
a propagation environment that is both reciprocal and sparse
in multipath scattering [10]–[14]; channel reciprocity and
sparsity are both exploited in precoder design. The proposed
algorithm is designed to satisfy the constraints imposed by
mmWave beamforming hardware such as (i) limited digital
processing capability, (ii) constant gain constraints imposed
by analog phase shifters, and (iii) the availability of only
low-resolution quantized phase control. The proposed strategy relaxes the full channel knowledge assumption of [9]
and assumes only partial knowledge at the BS and MS.
Namely, each terminal is assumed to have knowledge of its
own local angles of arrival (AoA) which can be obtained
through spatial smoothing for example [15]. In the proposed
strategy, precoders are designed in three stages. First, the
BS exploits channel reciprocity and knowledge of its AoAs
to transmit precoded pilot symbols that enable the MS to
accurately estimate the gain on each propagation path. Based
on the received pilots, the MS constructs an estimate of the
channel’s conditional covariance matrix by averaging over
the unknown base station-side scattering. The MS then uses
a variation of the matching pursuit algorithm from [9] to
construct hybrid precoders that approximate the channel’s
dominant subspaces. The computation of precoders at the
BS proceeds in a similar fashion. Simulations indicate that
the spectral efficiency achieved by the proposed algorithm
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approach the rates achieved via optimal unconstrained digital
precoding with full channel knowledge.
We use the following notation throughout this paper: A is
a matrix, a is a vector, and a is a scalar, A is a set. |A| is
the determinant of A, kAkF is its Frobenius norm, whereas
AT , A∗ , A−1 are its transpose, conjugate transpose, and
inverse respectively. [A]R,: ([A]:,R ) are the rows (columns)
of the matrix A with indeces in the set R, and diag(a) is
a diagonal matrix with the entries of a on its diagonal. I is
the identity matrix and 1N ×1 is the N -dimensional all-ones
vector. N (m, R) is a complex Gaussian random vector with
mean m and covariance R. E [·] is used to denote expectation.
II. S YSTEM M ODEL
Consider the mmWave cellular system shown in Fig. 1. A
BS with NBS antennas and NRF RF chains is assumed to
communicate with a single randomly located MS with NMS
antennas and NRF RF chains as shown in Fig. 2. The BS
and MS communicate via NS data streams, such that NS ≤
NRF ≤ NBS and NS ≤ NRF ≤ NMS [9], [16], [17].
On the downlink, the BS is assumed to apply an NRF ×
NS baseband precoder, FBS
BB , followed by an NBS × NRF RF
precoder, FBS
.
The
sampled
transmitted signal is therefore
RF
BS
x = FBS
RF FBB s,

(1)

where s is the NS × 1 vector of transmitted symbols, such
that E [ss∗ ] = N1S INS . Since FBS
RF is implemented using
analog
phase
shifters,
its
entries
are constrained to satisfy

  BS ∗
−1
th
( FBS
RF :,i FRF :,i )`,` = NBS , where (.)`,` denotes the `
diagonal element, i.e., all entries are of equal norm. The total
BS 2
power constraint is enforced by letting kFBS
RF FBB kF = NS .
We adopt a narrowband block-fading channel model in
which an MS observes the received signal
√
BS
(2)
r = P HFBS
RF FBB s + n,
where P is the average transmit power, H is the NMS × NBS
matrix that represents the mmWave channel between the BS
and MS, and n ∼ N (0, σ 2 ) is the Gaussian noise corrupting
the received signal.
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Fig. 1. A cell with a central basestation that uses directional transmission
to serve one randomly located mobile user.
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Fig. 2. Block diagram of BS-MS transceiver that uses RF and baseband
beamformers at both ends

MS
At the MS, the RF and baseband combiners FMS
RF and FBB
are used to process the received signal r which results in
√
∗ MS ∗
BS BS
MS ∗ MS ∗
(3)
y = P FMS
BB FRF HFRF FBB s + FBB FRF n.

The uplink signal model is identical to (3) with the roles of the
MS
MS
BS
precoders (FBS
RF , FBB ) and combiners (FRF , FBB ) switched
T
and with H replaced by H due to channel reciprocity.
Since mmWave channels are expected to have limited
scattering [10]–[14], we adopt a geometric channel model
with L scatterers. For simiplicity of exposition, we assume
that L ≤ NRF , though results can be generalized to the case
of NRF ≤ L ≤ min(NBS , NMS ). Each scatterer is further
assumed to contribute a single propagation path between BS
and MS [9], [18]. Under this model, the channel H can be
expressed as
s
L
 ∗

NBS NMS X
H=
α` aMS φMS
aBS φBS
,
(4)
`
`
ρL
`=1



where α` is the complex gain of the `th path with E |α` |2 =
1 and ρ is the pathloss between BS and MS. The variables
φBS
∈ [0, 2π] and φMS
∈ [0, 2π] are the `th path’s azimuth
`
`
angles of departure or arrival respectively. Considering only
the azimuth angles, and neglecting elevation, implies that the
BS and MS implement horizontal (1-D) beamforming only.
Extensions
are possible [9]. Finally,
 to 2-D beamforming

MS
aBS φBS
and
a
φ
are
the
antenna array response
MS
`
`
vectors at the BS and MS respectively.
If uniform linear arrays

(ULA) are assumed, aBS φBS
can
be
written as
`

BS
1 h j 2π
aBS φBS
=√
1, e λ d sin(φ` ) , . . .
`
NBS
BS
j(NBS −1) 2π
λ d sin(φ` )

...,e

iT

(5)
,

where λ is the signal wavelength, and d is the distance between
antenna elements.
The array response vectors at the MS,

aMS φMS
, can be written in a similar fashion.
`
The channel in (4) can be given in a more compact form as
H = AMS diag (z) A∗BS

(6)

where z =
ABS

q

NBS NMS
ρL


= aBS

T

[α1 , α2 , ..., αL ] . The matrices



φBS
, aBS φBS
, ..., aBS φBS
,
1
2
L

(7)

and




AMS = aMS φMS
, aMS φMS
, ..., aMS φMS
, (8)
1
2
L
contain the BS and MS array response vectors respectively.
Note, that by assumption, ABS is considered known to the
BS, whereas AMS is considered known to the MS [15].
III. H YBRID A NALOG -D IGITAL B EAMFORMING D ESIGN
In this section we present a precoding algorithm for the
system in Fig. 2 when both the BS and MS have knowledge
of only their own set of local AoAs, i.e., the angles of
incidence at the other terminal are unknown. The proposed
algorithm leverages the structure of poorly scattering mmWave
channels to provide near-optimal spectral efficiency using low
complexity hardware.
BS
MS
We seek to design the hybrid precoders, (FBS
RF , FBB , FRF ,
MS
FBB ), at both the BS and MS to maximize the mutual information achieved with Gaussian signaling over the mmWave
link in (3) [19]. Regardless of whether uplink or downlink
transmission is considered, the hybrid precoding problem can
be summarized as directly maximizing the rate expression
R = log2 INS +

P −1 MS ∗ MS ∗
BS
R F
F
HFBS
RF FBB
NS n BB RF
∗

∗

(9)

BS
∗ MS MS
× FBS
BB FRF H FRF FBB

over the choice of feasible analog and digital processMS
MS
BS
ing matrices (FBS
RF , FBB , FRF , FBB ). Note that in (9),
Rn is the post-processing noise covariance matrix, i.e.,
∗ MS ∗ MS MS
=
Rn = FMS
BB FRF FRF FBB in downlink, and Rn
∗
∗
BS
BS BS
FBS
BB FRF FRF FBB in the uplink. For simplicity of exposition, we begin by summarizing the process with which the
MS
MS calculates the hybrid precoding matrices, (FMS
RF , FBB ), to
be used on the uplink. Calculation of the downlink precoders
used by the BS follows in an identical manner.
We propose to split the precoding problem into two stages.
In the first stage, the BS transmits carefully constructed
pilot symbols that allow the MS to estimate the complex
gain on each of the channel’s L propagation paths, without
knowledge of the BS-side angles of departure. At the end of
the channel training phase, the MS calculates the downlink
channel’s receive covariance matrix conditioned on its own
angles of arrival and the newly estimated complex path gains.
Since channels are assumed to be reciprocal, the downlink’s
conditional receive covariance matrix, calculated in the earlier
stage, is itself the uplink’s conditional transmit covariance
and can thus be used for uplink precoder calculation. At
this stage, the MS leverages the basis pursuit algorithm in
MS
[9] to compute FMS
RF and FBB so that their combined effect,
MS
FMS
F
,
approximates
the
dominant eigenvectors of the
RF BB
uplink’s conditional transmit covariance.
In the remainder of this section, we formalize the proposed
two-stage training/precoding strategy.

A. Downlink Channel Training:
Under the reciprocal channel assumption, the AoAs which
are assumed to be known to the base station are themselves
the AoDs for the BS-initiated transmissions. Since the BS-side
AoDs are unknown to the MS, however, and in fact may be of
little importance to the MS, the BS sends carefully precoded
pilot symbols that allow the MS to estimate the complex
gain on each of the channel’s L propagation paths, without
knowledge of the BS-side angles of departure. To achieve
this, the BS precodes its pilots in a way that excites all paths
uniformly. Equivalently, the BS finds training precoders that
solve the under-determined equation


 BS 
(10)
A∗BS FBS
RF :,1:L FBB 1:L,: st = c11×L .
where st is the vector of pilot symbols transmitted by the
MS and c is a normalization constant that ensures power constraints are satisfied with equality. Note that we have explicitly
given the subscripts [·]:,1:L (where 1 : L is used to denote the
set of all integers from 1 to L) to highlight the fact that not
all RF chains need to be used in this phase if L < NRF .
Training precoders and pilots
symbols
can easily
found
by


 be

∗
BS
−1
setting st = 11×L and FBS
BB 1:L,: = c(ABS FRF :,1:L )
for an arbitrary choice of FBS
RF . To ensure that the SNR in this
estimation phase is sufficiently high,
the columns

 however,
can
be chosen
of the constrained analog precoder FBS
RF :,1:L


k
is
sufficiently
large.
This
to ensure that kA∗BS FBS
RF :,1:L F
can be done via a simple search over a finite set of candidate
analog beamformers for vectors with large projections on the
columns of ABS .
As a result of the precoded pilots, the received signal in the
initial training phase can be written as
r


P  BS 
r=
H FRF :,1:L FBS
(11)
BB 1:L,: st + n
rL


 BS 
P
(a)
=
AMS diag(z)A∗BS FBS
RF :,1:L FBB 1:L,: st + n
L
(12)
r
c2 P
(b)
AMS z + n,
(13)
=
L
where (a) is by recalling the channel model in (4) and (b) is
due to the structure of precoded pilots in (10). Consequently,
the scaled path gains cα` can be estimated using a linear least
squares estimator (LLSE)
r
L
−1
b
(A∗MS AMS ) A∗MS r
(14)
z=
P
which can be implemented using the MS’s hybrid
analog/digital hardware byq solving the equation
 MS ∗  MS ∗
−1
L
∗
FBB 1:L,: FRF :,1:L
=
A∗MS . In
P (AMS AMS )
systems where accurate phase control is possible, one can
−1
MS
∗
simply set FMS
). For
RF = AMS and FBB = (AMS AMS )
cases with stricter constraints on analog circuitry, the same
basis pursuit algorithm in [20] can be used approximate the
LLSE in (14). More details on the basis pursuit framework
are given in Section III-B.

j,j

R=R∪k
FMS
RF = [Acan ]:,R

−1
∗ MS
MS ∗ MS
FMS
FMS
BB = FRF FRF
RF Fopt
−FMS FMS

F

res
RF BB
Fres = kFres
MS
−FMS
RF FBB kF
MS
√
F
BB
FMS
NS kFMS F
MS k
BB =
F
RF
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Algorithm 1 Hybrid Analog-Digital Beamforming Design
R=φ
Fres =FMS
opt
for i ≤ NRF do
Ψ = A∗can Fres


k = arg maxj=1,2,..vMS ΨH Ψ
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B. Hybrid Uplink Precoder Design:
As a result of the downlink channel training phase, the MS
now has knowledge of its own array response matrix AMS
and the estimated path gain vector b
z. Thus, the MS may now
calculate the downlink channel’s scaled conditional receive
covariance matrix
∗

EABS |AMS ,bz [HH ] = AMS diag (b
z) diag (b
z)

∗

A∗MS .

(15)

where the subscripts in the expectation operator EABS |AMS ,bz [·]
indicate that expectation is taken over the distribution of ABS
and conditioned on the the MS’s knowledge of AMS and b
z.
Since, by reciprocity, the covariance matrix in (15) is itself
the uplink transmit covariance matrix, the MS can now build
MS
its hybrid data precoders FMS
RF and FBB to approximate the
covariance’s NS dominant singular vectors denoted by the
unconstrained precoder FMS
opt .
At this stage, we recall that the precoding capability of the
system in Fig. 2 can be summarized as the ability to apply a
set of NRF constrained analog beamforming vectors, via the
analog precoder FMS
RF , and form a linear combination of them
via its digital precoder FMS
BB . Following the methodology in
[9], and constraining the RF precoding columns to take values
from a finite set of possible beamforming vectors, represented
by the Ncan columns of the candidate matrix Acan , the
problem of approximating the unconstrained precoder FMS
opt
can be written as [9]

Fig. 3. Spectral efficiencies achieved by the proposed hybrid analog-digital
precoding algorithm in a 200×100 mmWave system with 3 RF chains at both
the BS and MS. The figure indicates that the proposed strategy can achieve
near-optimal performance despite its low hardware complexity and reliance
on partial channel knowledge.

2) Beamforming vectors whose elements can be represented
as quantized phase shifts. In the case of quantized phase
shifts, if each phase shifter is controlled by an NQ bit input, the entries of the candidate precoding maj k2π
trix Acan can all be written as e 2NQ for some k =
0, 1, 2, . . . , 2NQ − 1.
In summary, Algorithm 1 starts by finding the vector
[Acan ]:,` along which FMS
opt , the precoder being approximated,
has the maximum projection. It then appends the selected
column vector [Acan ]:,k to the RF precoder FMS
RF . After the
dominant vector is found and the least squares solution to
FMS
BB is calculated, the contribution of the selected vector is
removed and the algorithm proceeds to find the column along
which the “residual precoding matrix” Fres has the largest
projection. The process continues until all NRF beamforming
vectors have been selected. At the end of the NRF iterations,
the algorithm would have: (i) constructed an NMS × NRF RF
precoding matrix FMS
RF and (ii) found the optimal NRF × NS
baseband precoder FMS
BB which minimizes the objective in (16).
C. Hybrid Downlink Precoder Design:

MS?
(FMS?
RF , FBB ) =

(16)

The calculation of hybrid downlink precoders proceeds
identically to the uplink procedure. Namely, the MS transmits precoded pilots allowing the BS to estimate the downlink channel’s conditional covariance matrix whose dominant
eigenvectors are then approximated using Algorithm 1.

The columns of the candidate matrix Acan can be chosen to
satisfy arbitrary analog beamforming constraints. Two example
candidate beamformer designs we consider in the simulations
of Section IV are summarized as follows:
1) Equally spaced ULA beam steering vectors [20], i.e.,
a set of N vectors of the form aM S ( kπ
N ) for k =
0, 1, 2, . . . , N − 1.

In this section, we present numerical results demonstrating the performance of the proposed algorithm in a singlecell mmWave cellular system. The simulated environment is
assumed to have L = 3 scatterers with uniformly random
angles of arrival and departure. The complex path gains are
assumed to be Gaussian distributed with equal variances.

MS MS
arg min kFMS
opt − FRF FBB kF ,
n
o
 MS 
s.t. FRF :,i ∈ [Acan ]:,` | 1 ≤ ` ≤ Ncan ,
MS 2
kFMS
RF FBB kF = NS .

IV. S IMULATION R ESULTS
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pursuit. We presented numerical results on the performance of
the proposed algorithm and showed that it allows millimeter
wave systems to approach their capacity limit.
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Fig. 4. Spectral efficiency as a function of phase quantization bits in a hybrid
system with only quantized analog phase control. Results are reported for a
40 × 10 mmWave system at an SNR of 0dB.

The base station is assumed to have NBS = 200 antennas
and the mobile station is assumed to have NMS = 100
antennas, you both have only NRF = 3 RF chains. The
inter-element spacing in both BS and MS antenna arrays
is set to half a wavelength. Fig. 3 plots the performance
of the proposed precoding algorithm with a candidate RF
Acan precoding matrix consisting of 100 equally spaced ULA
beam steering vectors. The performance of optimal unitary
precoding for NS = 3 (which requires both perfect channel
knowledge and unconstrained digital processing) is shown for
comparison. Simulation results show that the proposed channel
estimation and hybrid analog-digital precoding algorithm can
achieve significant spectral efficiency via single or two-stream
transmission and can achieve near-optimal data-rates for the
case of three-stream transmission.
Fig. 4 investigates the negative effect of limiting analog
phase control to a finite set of quantization levels. Namely,
Fig. 4 plots the spectral efficiency achieved by the proposed
algorithm as a function of the number of bits that control
the phase shifters used in analog precoding. Fig. 4 indicates
that only a few bits are needed to approach the performance
of unconstrained precoding, and thus arbitrary phase control
is unnecessary. Fig. 4 also compares the performance of the
proposed hybrid precoding algorithm to a baseline beam steering solution that can be implemented solely in analog [20].
Fig. 4 indicates that there may be significant gains in spectral
efficiency if both analog and digital precoding can be used.
V. C ONCLUSION
In this paper we considered single user hybrid precoding
in millimeter wave cellular systems. Using a realistic spatial
channel model, we developed a simple precoding solution assuming only partial channel knowledge at the base station and
mobile station in the form of AoA knowledge. The proposed
algorithm finds an approximation to the dominant eigenvectors
of the conditional channel covariance matrix observed by
the BS and MS. The precoding strategy leverages channel
sparsity, reciprocity, and the algorithmic concept of basis
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