When Does Unequal Power-loading Make Sense?
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Abstract—In Orthogonal Frequency Division Multiplexing Il. POWER-LOADING AND THE NATURE OF WIRELESS
(OFDM) unequal power-loading, i.e. water-filling, is used to CHANNELS

selectively assign power to each subcarrier, thus maximizing the . . .
capacity for a fixed power-budget. Unequal power-loading is used ~ With an OFDM system, power-loading according to the
successfully in applications such as digital subscriber lines (DSL), water-filling principle is specified by [1]
where the channel effectively acts as a time-invariant low-pass 2
filter. In such conditions, the receiver can send the transmitter AR = max(A-— o (1)
timely and lasting information about the channel. In contrast, [Hk|2
wireless channels suffer from time-variability, which implies . th . .
outdated feedback and inevitable channel estimation errors. This WhereR is the power on th&™ subcarrierHy is the frequency
paper reexamines the power-loading methods proposed for time- response of the channel on tk€ subcarrier, ands? is the
varying wireless channels, and determines regions of Doppler variance of the additive noise. In additioh,is chosen so that
and delay spreads where this approach has benefits. Z|N:19 =P, the power budgeted to the system.

As has been noted by others, including [2], [3], as the SNR
increases, the power allocated to each subcarrier apmeach
a constant value. An increase in the total power — with its

Unequal  power-loading is a teCh”'Q‘%e_ for Op?'m'z!n%onsequent increase in the SNR — leads to an increase in the
the rate of an Orthogonal Frequency Division M“mplex'ng\/ater-level,}\. In turn, asA increases, the effect of the term
(OFDM) signal in frequency-selective channels. It is based?

- . . ) = IS minimized. The bit rate on each subcarrier is then
on the water-filling solution for capacity [1]. If the trangter l‘Jle)(Eer-bounded by
knows the receiver’'s channel, the water-filling solutioctdies
how it can allocate power to each subcarrier based on its b o (1+F1<M) )
strength. Unequal power-loading has been used succegssfull k % 02
in digital subscriber line (DSL) transmission to increabe t [Hi 2 ;
bit rate. There have been several attempts to apply power- = { l0g (A o? ) 1T R>0
loading to wireless channels, e.g. [2], [3], but the major
practical difficulties stem from the fundamental differencA. Toy example
between DSL channels and wireless channels. Nam6|y, DSL|n the power_|0ading equation (1), Whé}ﬂ— HLZZ) <0, the
channels are relatively static and inherently low-passh wis hcarrier has zero power and is not used. {When a subcarrier
a large spectral variability. Wireless channels rarelyilkh is not ysed, its power is redistributed to the other subessri
such properties. Generally they are not static due to a ngoviior example, if there are 4 subcarriers, with the SNR,@ 1

transceiver or a changing environment and their frequengkq o and the power budget is 4 Watts, theis determined
response changes with the multipath composition. Howevggm

the frequency selectivity that results from multipath does
often cause the deep and wide fades found in DSL channels. 3 -1/1-1/2-1/1 = 4

This paper looks at the nature of wireless channels and tJfiich yieldsA = 13/6 and power allocations of/8,10/6,7/6
implications it has on power-loading. We first present somgd 0. (Note that regardless of the value of the power budget,
background material on unequal power-loading and discugg fourth subcarrier, in this example, will always be zeroe
water-filling and related implementation issues. We thes digyt.) One quarter of the power has thus been transferred to
cuss the likelihood that a wireless channel will experiengge other subcarriers. Given this redistribution of poveny
a deep and wide fade within the allocated spectrum. Finali,ch has been gained? If we had uniform power distribution

we present rate results for frequency selective channeéts wyn all subcarriers, the effective bit rate would be on theeord
channel estimation errors; examining the effect of channgy

estimation on rate and its impact on the effectiveness of
power-loading at the transmitter. We show that in genehal, t buit = 2logy(1+1)+l0gy(1+2)
improvement due to unequal power-loading is minimal. = 3.585 bhits

I. INTRODUCTION

3)

0 otherwise



With water-filling it would be C. Nature of the wireless channel

bpower = 210G,(1+7/6)+log,(1+2 x 10/6) In studies such as [4], [2], [3], power-loading benefits are
— 435 bits shown for channels with an SNR of less than 0 dB, rather than

larger SNRs. This is due to the fact that the variation in the
which is a rather large increase. In this toy example wehannel determines the extent of the effect of power-laadin
used the standard water-filling solution which redistrésit Given a multi-tap channel with impulse response
the power of the unused subcarrier based on the remaining L
subcarriers’ SNR. Had we used the simpler on-off watemnfilli hit) = Z““S(t —1)
method [4], which redistributes the power equally among the 1=
remaining subcarriers, the gain in bit rate would have be
almost as much. It is the act of power redistribution — n
so muchhow it redistributed — that provides the bulk of thet
benefit from power-loading. This can be seen by noting th

There o, are independent, zero-mean complex Gaussian ran-
om variables with varianc&[|a;|?], the mininum value of
he channel strengthHy|? is upper-bounded bysk_; [ay|)?
agnd lower-bounded by some combination of the square of the
bredis = 2l0gy(144/3)+log,(1+2x 4/3) sum of £|ak|s. This lower bound depends on the value of the
4.32 bits channel taps, their relative phases and positions.
For a two-tap channel, the square of the frequency response
This provides an example of how on-off water-filling is veryHy|2 = |a1 |2 + |a2[2 + 2|ay ||z | cog 2m( 27 — 9)) where
nearly as effective as standard water-filling. 6 is the angle between the complex tap values. A two-tap
Our toy example’s effective gain in bit rate has, howevechannel can exhibit a deep fade when taps have comparable
been exaggerated relative to what can be expected in a 88relmagnitudes. Unequal power-loading will then be effective.
radio channel. We redistributed the power from one quartelowever, this will occur only whenap| =~ |ai1| and 172 — 11
of the subcarriers and increased the power of the remainikgsuch that2-22X is an odd integer. How often will this

. - . NT
subcarriers by a factor of/B, a more significant increase tharhappen in a multi-tap channel?

can be expected in wireless radio channels. In most wirelessto answer this question in general, we consider the likeli-
channels the fraction of subcarriers that will have zero growhood that a given number of subcarriers will have no power
is small and the amount of power available to redistributé willocated to them. It is convenient to find this in terms of the
be too little to significantly increase the bit rate. average gain of the channeVj, = ZE:ol |Hk|2. For a given
One can estimate this effect by noting that for higher SNR, i ; i - w12 - o2
1001+ BRSNR)) ~ log,(BRSNR) = l0g,(B) + log,(ASNR) 7, s.ubcarnerzs will be aSS|g'ned zero powerHk|< < 5. By.
2 2 2 2 settingA = 43, whereA < 1 is a constant, then all subcarriers

wheref is the increase in power. If only 5% of the subcarriers ) ) s

are zeroed out and power is reallocated, then there is yémere|Hk| < AMp, will be a_SS|gned zerozpower. For example,

increase per subcarrier of less than a tenth of a bit. i A=1/2, then all subcarriers whefeix| is 3 dB below the
mean gain will have zero power.

B. Practical limitations of power-loading Given this value forA, the SNR on the subcarriers with

Water-filling is a fluid method of assigning power that doe@0n-2ero power will be
not take into account the fact that power allocation muspada

to a fixed number of bits per symbol. In addition, there is 02 |Hy?

- NR = X 4
a back-off factor that compensates for such factors as mis- Re = (A- W)7 (4)
estimation [1]. In our toy example,/® Watts were allocated IHy 2
to two subcarriers, while 16 Watts were given to the third = LK _ 5)

subcarrier. The respective SNRs on the two subcarriers is AMn

0.7 dB, while the SNR on the third subcarrier i25B. In  This means that after water-filling, the average SNR on the
practice these values would be adjusted to accommodateemaining subcarriers will be

specific constellation size. To accommodate a round number 1

of bits on each subcarrier, power must be redistributed from SNR ayg of rest = A 1 (6)

one subcarrier to another. Because the SNR on two of the

subcarriers is so small, all the power could be added to theThe question is: what percent of subcarriers are zeroed out
subcarrier with the largest SNR. For this case the resuliing in wireless channels? The probability that a given fractién
rate would be log(1+ 4 x 2) = 3.2 bits, which is less than the subcarriers are less than a specific ratio of the meareof th
the original equal power-loading rate. Hence small vasigi gain of the frequency response can be calculated by sironlati

in power across subcarriers dictated by water-filling may Weor this simulation, 16 channel realizations were used to
evened out when practical constellation assignment isntakealculate each probability that a specific number of suberarr
into consideration. This further reinforces the notiontthavas less tham x SNRygy. There were 128 subcarriers; the
on-off water-filling [4] is more practical than fluid powerchannel has 10 independent taps with an RMS delay spread
allocation. of 5% of the payload of the OFDM symbol, i.e. 128 samples.
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Fig. 1. This plot shows the probability that a fraction of thebcarriers are Fig. 2. The mean and5percentile of the rate of a 128 subcarrier OFDM
X dB or more below the mean gain of the frequency response. signal with water-filling and with uniform power distriboti. The channel
has an exponential RMS delay spread that is 5 % of the lengt@FRIdM
symbol with 16 sample-spaced taps. The mean and percentile asdutaken
. . . over 1@ channel instances. The mean capacity for water-filling rarigem
Figure 1 shows the probability that a fraction of the subcak pits at -7 dB, to 1 bit at 0 dB. At 20 dB, the mean capacity fotewilling

riers areX dB or more below the mean gain of the frequenci approximately 6 bits .
response. From the plots one can see that it is likely that a

large percentage of subcarriers are less than 3 dB below the ) ] o
mean of the SNR, but it is much less likely that a significaigne considers that the capacity at that point.# fits/sec/Hz

fraction of the subcarriers will 9 dB or more below the mead0r water-filling and 025 bits/sec/Hz for the uniform power
This finding is significant as it shows the likelihood thag|s_tr|bl_1t|on, an increase of over 5_0%- However, 'mp|e_mer?'
significantly different power allocations will occur is stha fation issues such as synchronization and channel estimati
in a high SNR case. For example, if 10 % of the channels drethe presence of time-variability can limit this perforaa.

3 dB or more below the mean of the SNR, then as shown e effect of synchronization on the rate, though importent

(6) the average SNR of the remaining subcarriers has a logyond the scope of this paper. Instead we focus on Doppler
bound of 1 (0 dB). Only when the fractioh is smaller, e.g. fading and its effect on channel estimation.

9 dB as shown in Figure 1? (_10 we get a lower bound on the channd estimation in a static channe

average SNR of the remaining subcarriers of 7, (8.54) dB.
The probability of this occurring in a diversity rich muléth
channel is quite small.

To isolate the effect of channel estimation on the rate, we
first focus on the case of a static channel, i.e. no varigbilit
due to Doppler fading. In this case, channel estimation\as t
1. RATE, SNRAND CHANNEL ESTIMATION effects on the rate: the water-filling will have some misrhatc

Before examining how channel estimation and Doppléir“e to channel estimation error and the bit error will be

affect power-loading, it is important to have a baselinawielncréased due the channel estimation error.

of the system with perfect knowledge of the channel. To GIven aminimum mean-squared error (MMSE) channel es-

determine how much gain one can actually achieve in tEhateHk=Hi-+Hy, where the channel erréiy is orthogonal

wireless multipath channel, we simulated the system usiffyFk @ lower bound on the mutual information is [5], [6]

uniform power-loading and water-filling over 4@hannels 1 N-1 H<||:|k|2

with a RMS delay spread that was 5% of the OFDM symbol hower = D 10Gx(1+ WEHHW) (7)

payload. The difference between the rate achievable using k=0 K

uniform power-loading and water-filling is shown in Figuresvhere the power assigned t&" subcarrier is based on the

2 and 3. Figure 2 shows the mean and th® f@ercentile estimate of the channel, ari]|H|?] is the variance of the

rates for water-filing and uniform power-loading. Figure Zhannel estimation error. The above expression indicates t

shows the mean difference between water-filling and uniforsources of rate loss: increase in the noise variance and the

power distribution for a range of average SNRs. This resydossible mismatch of the powel. Because the additional

is in accordance with e.g. [4], [2], [3], where water-fillimg channel estimation error is a function both of the channel

wireless channels is shown to be effective only at low SNRand the allocated power, an ill-chosen large power value can
From the viewpoint of designing a system, the increase décrease the rate.

water-filling over uniform power-loading at -7 dB SNR offl0  Channel estimation error depends on the number of pilots

bits seems small. However, it is somewhat significant whém the OFDM symbol and the number of taps in the channel.
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Fig. 3. The mean and 5percentile of the differences between capacity ofig. 4. The mean difference between water-filling and unifpower-loading

a 128 subcarrier OFDM signal with power-loading and withfomh power of a 128 subcarrier OFDM signal with channel estimation. Thenber of
distribution. The channel has an exponential RMS delayaspthat is 5 % pilots Np = N; this is a static channel case. The channel has an expohentia
of the length of OFDM symbol with 16 sample-spaced taps. The nagan RMS delay spread that is 5 % of the length of OFDM symbol with digle-
percentile value are taken over“l6hannel instances. The mean capacity fospaced taps. The mean capacity for water-filling ranges fébhits at -7 dB,
water-filling ranges from .4 bits at -7 dB, to 1 bit at 0 dB. At @8, the to 1 bitat 0 dB. At 20 dB, the mean capacity for water-filling ppeoximately
mean capacity for water-filling is approximately 6 bits . 6 bits .

The more pilots, the better the estimate; the more taps in tihés not clear whether it is worth the complexity to implerben
channel, the wider the variability in the frequency domaid a intermediate methods.
the harder it is to smooth it. This notion was captured in [7] In a fading channel, the effort needed for channel estimatio
where it was noted that the MMSE error is proportional tdepends not only on the required rate and the amount of diver-
GNi'- whereL is the number of taps anllp is the number of sity in the channel, but on the fading rate. In a static chiinne
pirots. one can neglect the overhead due to channel estimation. In
For the static case, one can assume a single OFDM pif&@ntrast, with a fading channel one must assign enougfspilot
symbol with N = N, pilots. If the channel is not changing,to minimize the channel estimation error, but not too many
there is no need to resend the pilot signal. Hence, the oadrhéhat the information rate is significantly reduced. As in, [6]
for the pilots will not be considered in this case. Fig. 4 skowncluding the pilots in the rate estimation clarifies the tpus
the difference in achievable rates with uniform loading ar@id pull of minimizing the impact of channel estimation esro
water-filling. In terms of channel estimation error, thetista While maximizing the rate.
case is the best case. However, as shown in Figure 4, as th&he estimated rate for a set number of pilbts out of K
SNR decreases, the channel estimation will increase, whighfDM symbols is

will in turn lead to mismatch in the power-loading. H<|Hk|2 KN =N,

B. Fading channel o?+RE[IH?” N

Doppler fading has two consequences: outdated chanpgl example, if every OFDM symbol had, = N/2 pilots,
estimation and the need for more pilots, both of which redugge gverall rate would be decreased by a factor of 2. As the
the achievable rate. We are interested in assessing the Rifber of pilots decreases, the rate can increase, but only
that is achievable in the presence of outdated feedback, p§ |ong as the channel estimation error does not significantl
in the presence of channel estimation errors. To this eﬂﬁhpair the performance.

i.e. for assessing théundamental limitations imposed by  Fading in the wireless channel can be modeled by noting
imperfect channel knowledge, we are focusing on powefsat the correlation between two symbdlseconds apart with
loading (water-filling) as a capacity-maximizing techrequ Doppler frequencyfq is p = Jo(2mfgT) [8]. We can consider

In practice, however, rate maximization can be accomplishge effect of fading on the achievable rate by breaking up the
by methods that take into account the error in the channglisy signal as follows:

information available at the transmitter, e.g.[3]. Howevié

the estimate of the channel is so outdated as to be mearsngles  Hyx, +n, = (P(|:|k+ i) + /1 — p2Zi )% + N

then it is not clear that an intermediate method, thougheeieg

will be worthwhile. In addition, the gain between waterifif where x is the data symbol value assigned to #& sub-
and uniform power-loading is so small at such low SNRs thaarrier, Z, is a complex, zero-mean Gaussian random value

1N,l
lower = Nkzobgz(l-i-



with the same variance ady, andng is the Gaussian noise.

0.2 T T T

BecauseZy is uncorrelated wittHy, we can model the extra No channel error in decoding;

only channel mismatch due to Doppler

term /1— p2Z, as uncorrelated noise as well. In this case
the achievable rate is given by
1! Reo?|Fl®

| = — I 14+ —————

lower,p N k;) 092( + 02+En ) (8)
where Ep = R(E[|Hk|?) + /1 — p2RE[|Z|3]. R the power
on thek!" subcarrier is the average power of the symbol valu
Xk

Rate difference (bits/sec/Hz)

We simulated the effect of channel estimation on® 10

channels with 5% RMS delay spread as earlier. Each OFD e oth ncuded i rate
symbol was approximately 72s long, on par with some cases 005 ‘ ‘ ‘ ‘ ‘
of 3G LTE [9]. We assumed a 200 Hz Doppler frequenfy, e N ® aergeSNR @) n ®

(also compatible with a cellular system and a user traveliny

at around 60 mph) which corresponds to a relative Doppler

from one OFDM symbol to the next of about 1%. A relativéig- 5. Rate difference between uniform loading and watkmgi with

D | f 1% i table f th . int of i . channel estimation errors in a fading channel. There is onBNDBymbol

; oppler 'O +70 IS acceptable .rom e wevvpom 0 _'gnor'ng\/here one-eighth of the subcarriers are pilots surroundedvo symbols

intercarrier interference. We tried several pilot confaions with no pilots. The dashed curve shows the difference inbratereen uniform

and found the following to be the best for this scenaridpading and water-filling where we only consider the mismatoé th Doppler

0 OFDM bol wh 1/81th of th b . for power-loading, but not the additional noise due to cleestimation error.
_ne symbol where1/ ) or the su ‘{a”'ers WET€ The solid line in the plot shows the difference between merfeater-filling,

pilots was repeated every third symbol. This arrangemesit with the rate loss due to pilots and channel estimatioor.efihe bottom

provided adequate channel estimation without severelyced selid curve shows the effect of imperfect water-filling.

ing the information rate. The rate was averaged over three

symbols: one with the pilots and two without. For the OFDM . - , - -
symbol with pilots, p — 1; for the two adjacent symbols wireless applications, the benefits of water-filling are imai.
p = Jo(2r1200x 72x 10°9) = 0.998 'If a channel has specific characteristics, e.g. a known low-

Bass filtering effect within the band, then water-filling reak
uniform power allocation and water-filing. The dashed lin&"¢- However, in channels where these variations armeet

shows the improvement of water-filling over uniform powe?lnd n(.)tt. S0 l.ar?ﬁ n m?gnltglde, tuhm;orm power-loading, tioug
distribution without considering channel estimation esrat unexciting, 1s the preterred method.
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Figure 5 shows the difference in performance betwe

IV. CONCLUSIONS

Water-filling is an attractive power-loading method when
there are large variations in the frequency response of the
channel and the channel is relatively static. However, fanyn



