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Abstract—Distance plays a vital role in many applications of
data analytics. In this paper, the concept of distance between any
two data objects X and Y is addressed from the perspective of
Shannon information theory. Consider a coding paradigm where
X and Y are encoded into a sequence of coded bits specifying
a codeword (or method) which would in turn convert Y into
X̂, and X into Ŷ such that both the distortion between X
and X̂ and the distortion between Y and Ŷ are less than or
equal to a prescribed threshold D. Given a class C of coding
schemes within the coding paradigm, the information distance
RC (X, Y, D) between X and Y at the distortion level D is defined
as the smallest number of coded bits afforded by coding schemes
from C. For two important classes C, RC (X, Y, D) is shown to be
indeed a pseudo distance in some sense; it is further characterized
or bounded. When C is the class of so-called separately precoded
broadcast codes, it is shown that for any stationary, totally
ergodic sources X and Y , RC (X, Y, D) is equal to the maximum
of the Wyner-Ziv coding rate of X with Y as side information
and the Wyner-Ziv coding rate of Y with X as side information.
In the general case where C consists of all codes within the
coding paradigm, upper and lower bounds to RC (X, Y, D) are
established, and are further shown to be tight when X and Y
are jointly Gaussian. The distance RC (X, Y, D) generalizes the
notion of information distance defined within the framework of
Kolmogorov complexity.

I. I NTRODUCTION
Distance plays an important role in many applications of
data analytics. For instance, in image retrieval, organization,
and management, one needs a proper similarity distance to
measure the perceptual similarity between any two images
X and Y . Once such a similarity distance is defined for
any two images, it could be used to retrieve images in a
database which are perceptually similar to a query image
according to the similarity distance in image retrieval [1], and
to organize images into different groups according to their
mutual similarity in image management [2]. Likewise, in data
clustering and bioinformatics, the notion of distance also plays
a dominant role [3].
In the literature of image retrieval [1], a typical approach
to determining a perceptual distance between two images is
to first extract features from each image, then derive a signature of each image from its respectively extracted features,
and finally determine the perceptual distance based on their
respective signatures. Euclidean distance, Hausdorff distance,
Kullback-Leibler divergence, etc. have all been used as a
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distance between signatures [1]. The variation in feature extraction, signature derivation, and distance between signatures
leads to many different image perceptual distances. In general,
however, as one moves from original images to features to
signatures, the notion of distance becomes less intuitive and
is increasingly disconnected from the original images.
To alleviate this issue, a different approach was taken
recently in [4]. Instead of extracting each image into its signatures, the paper [4] first expanded each image X conceptually
into a set φ(X) of images, which may contain images perceptually similar to X, and then defined the perceptual distance
between X and Y as the smallest average distortion per pixel
between any pair of images, one from φ(X) and the other from
φ(Y ). The resulting distance is dubbed SMID and denoted by
dφ (X, Y ). It was demonstrated in [4] that when compared with
other standard perceptual distances reported in the literature
[5]-[12], SMID indeed shows better discriminating power
on image similarity. An interesting property relevant to our
discussion in this paper is that the optimization solution in
SMID dφ (X, Y ) gives a method which converts X to Ŷ , and
Y to X̂ such that dφ (X, Y ) is equal to the average distortion
per pixel between X and X̂, i.e., d(X, X̂), and between Y and
Ŷ , i.e., d(Y, Ŷ ). Nonetheless, the descriptive complexity of the
conversion method is completely ignored in SMID dφ (X, Y ).
Based on descriptive complexity, particularly Kolmogorov
complexity [13], [14], the notion of information distance was
proposed in [15] for discrete data objects such as strings over
a finite alphabet. Give any two finite strings x and y, their
information distance E0 (x, y) was defined in [15] to be the
length of the shortest program which, when running on a
universal computer (i.e., Turing machine), will convert x into
y when x is the input, and convert y into x when y is the
input. An inspiring property of E0 (x, y) is its universality
[15], which says in theory E0 (x, y) captures all patterns and
regularities that can be utilized computationally and are shared
by x and y, and hence is the best cognitive distance one
could hope for to certain extent. In [3] and references therein,
this notion was successfully applied to bioinformatics, music
clustering, and machine translation.
However, the information distance as defined in [15] has
two major issues. First, since it is based on Kolmogorov
complexity, it is uncomputable. Second, more importantly it
is not applicable to continuous valued data such as images
& videos. Therefore, it is desirable to develop a notion of
distance which could combine the best of both worlds: the
universality from the information distance as defined in [15],
and the computability and applicability to both discrete and

continuous valued data as in SMID dφ (X, Y ).
In this paper, we address the notion of distance between any
two data objects X and Y (continuous or discrete) from the
perspective of Shannon information theory. We bring distortion
into the information distance E0 (x, y), and descriptive complexity into SMID dφ (X, Y ). To this end, we formulate a new
coding paradigm where X and Y are encoded into a sequence
of coded bits specifying a codeword (or method) which would
in turn convert Y into X̂, and X into Ŷ such that both the
distortion between X and X̂ and the distortion between Y and
Ŷ are less than or equal to a prescribed threshold D. To have
universality to some extent, we consider a class C of coding
schemes within the coding paradigm. Given C, the information
distance RC (X, Y, D) between X and Y at the distortion level
D is then defined as the smallest number of coded bits afforded
by coding schemes from C. We then characterize and analyze
the information distance RC (X, Y, D) for some classes C.
The rest of the paper is organized as follows. In Section II,
we formally formulate the new coding paradigm and define the
information distance RC (X, Y, D). In Section III, we analyze
the distance property of RC (X, Y, D) when C consists of all
coding schemes allowed in the coding paradigm, and establish
upper and lower bounds to RC (X, Y, D), which are further
shown to be tight when X and Y are jointly Gaussian. In
Section IV, RC (X, Y, D) is characterized in terms of the
Wyner-Ziv coding rate of X with Y as side information and
the Wyner-Ziv coding rate of Y with X as side information
when C consists only of all so-called separately precoded
broadcast codes within the coding paradigm; its distance
property among different sources is also presented.
II. F ORMAL D EFINITIONS : C ODES AND N EW
I NFORMATION D ISTANCES
Let A and Â be two abstract alphabets. They could be
either continuous or discrete. The sets A and Â will serve as
our source alphabet and reproduction alphabet, respectively.
Let A be a σ-field of subsets of A, and let Â be a σ-field of
subsets of Â. (Here we implicitly assume that any element of
Â belongs to the σ-field Â.) Let the measurable space
(A∞ , A∞ ) =

∞
Y

(Ak , Ak )

k=1

be the infinite Cartesian product of exemplars (Ak , Ak ) of the
measurable space (A, A). The measurable space (Â∞ , Â∞ )
is defined similarly. If x = (xi ) is a finite or infinite sequence
of symbols from A or Â, let xnm = (xm , xm+1 , · · · , xn ) and,
for simplicity, write xn1 as xn . The same conventions apply
to sequences of random variables taking their values in these
sets as well. We denote the set of all n-tuples drawn from A
(Â) by An (Ân ).
Without loss of generality, we assume that each of data
objects X, Y , Z, etc is a sequence of symbols from A, and
its lossy version is a sequence of symbols of the same length
from Â. (Discussions and results below can be easily extended
to data objects from different alphabets.) In most cases, we
model each data object as a stationary source taking values

in A. For example, X = {Xi }∞
i=1 will be a stationary source
with each Xi being a random variable taking values in A, and
its lossy version X̂ = {X̂i }∞
i=1 will be a sequence of random
variables taking values in Â. Let d : A × Â → [0, ∞) be a
measurable function. Let {dn }∞
n=1 be the single-letter fidelity
criterion generated by d, by which we mean that for each n,
dn : P
An × Ân → [0, ∞) is the map in which dn (xn , y n ) =
n
−1
n
n
∈ An and y n ∈ Ân . The
i=1 d(xi , yi ) for any x
n
n
distortion between X and X̂ is measured by d(X n , X̂ n ).
Graphically, our coding paradigm for data analytics is
illustrated in Figure 1, where X n and Y n are encoded jointly
into a sequence of coded bits at rate R in bits per symbol. The
coded bits specify a codeword (or method) which would in turn
convert X n into Ŷ n at Decoder 1, and Y n into X̂ n at Decoder
2 such that for all sufficiently large n, both d(X n , X̂ n ) and
d(Y n , Ŷ n ) are less than or equal to a prescribed threshold D.
Xn

Decoder1

Encoder

d(Y , Ŷ n ) ≤ D

R

Yn

Decoder2

Fig. 1.

Ŷ n
n

X̂ n
n

d(X , X̂ n ) ≤ D

Coding for data analytics.

For any R > 0 and n, let
Ω(n, R) = {1, 2, · · · , b2nR c}.
Formally, we have the following definition.
Definition 1: A block code Cn of order n and rate R
consists of one encoding mapping
f : An × An → Ω(n, R)
and two decoding mappings
g1 : Ω(n, R) × An → Ân
and
g2 : Ω(n, R) × An → Ân .
For any two data objects xn and y n , the encoder f encodes
xn and y n into f (xn , y n ) of nR bits. On the decoding side,
the encoded message f (xn , y n ) then converts xn into ŷ n =
g1 (f (xn , y n ), xn ), and y n into x̂n = g2 (f (xn , y n ), y n ).
Impose no other constraints on Cn , and let C consist of
all possible block codes of order n for all n. We want
to seek the best trade-off between R and the maximum
distortion max{d(X n , X̂ n ), d(Y n , Ŷ n )} attainable by C for
∞
any stationary sources X = {Xi }∞
i=1 and Y = {Yi }i=1 and
sufficiently large n.
Definition 2: Given stationary sources X = {Xi }∞
i=1 and
Y = {Yi }∞
,
a
rate
distortion
pair
(R,
D)
is
said
to be
i=1
achievable for (X, Y ) if for any  > 0, there exists, for all

sufficiently large n, a block code Cn = (f, g1 , g2 ) of order n
and rate R +  such that
Pr{d(X n , X̂ n ) > D + } ≤ 

(2.1)

Pr{d(Y n , Ŷ n ) > D + } ≤ 

(2.2)

and
where X̂ n
=
g2 (f (X n , Y n ), Y n ), and Ŷ n
=
n
n
n
g1 (f (X , Y ), X ).
Let R(X, Y ) denote the set of all achievable (R, D) pairs
for (X, Y ). It can be verified that R(X, Y ) is closed. Given
D ≥ 0, define the information distance between X and Y at
the distortion level D as
∆

R(X, Y, D) = min{R : (R, D) ∈ R(X, Y )}.

bits. On the decoder side, the jointly encoded message
f (f1 (X n ), f2 (Y n )) converts: (1) X n via Decoder 1 into
an estimate Ŷ n = g11 (f (f1 (X n ), f2 (Y n )), X n ) of Y n
and an estimate fˆ2 (Y n ) = g12 (f (f1 (X n ), f2 (Y n )), X n )
of f2 (Y n ); and (2) Y n via Decoder 2 into an estimate
X̂ n = g21 (f (f1 (X n ), f2 (Y n )), Y n ) of X n and an estimate
fˆ1 (X n ) = g22 (f (f1 (X n ), f2 (Y n )), Y n ) of f1 (X n ).
Xn
Xn

Precoder f1
R1
Encoder

(2.3)

One of our purposes in this paper is to characterize
R(X, Y, D), and analyze its relationship among different
sources X, Y , Z, etc as a notion of distance.
Remark 1: The diagram shown in Figure 1 resembles the
butterfly network in network coding [16]. As such, the coding
diagram illustrated Figure 1 may be regarded as lossy network
coding in the context of transmission. Also related are WynerZiv coding [17] and coding with multiple decoders accessing
different side information considered by Kaspi [18] and Heegard & Berger [19]. However, in addition to characterizing
R(X, Y, D), we are also interested in its relationship among
different sources X, Y , Z, etc as a notion of distance.
Let us now impose some constraints on Cn . In particular,
we split the encoding process into two steps. At Step 1, data
objects xn and y n are separately precoded into nR1 and nR2
bits, respectively. At Step 2, the precoded bits are then jointly
encoded into nR bits. The resulting type of code is called
a separately precoded broadcast code. Formally, we have the
following definition.
Definition 3: A separately precoded broadcast code Cn of
order n and rate R with precoded rates R1 and R2 consists
of two separate precoding mappings
f1 : An → Ω(n, R1 )
f2 : An → Ω(n, R2 )
a joint encoding mapping
f : Ω(n, R1 ) × Ω(n, R2 ) → Ω(n, R)
and two decoding mappings
g1 = (g11 , g12 ) : Ω(n, R) × An → Ân × Ω(n, R2 )
and
g2 = (g21 , g22 ) : Ω(n, R) × An → Ân × Ω(n, R1 ).
Figure 2 illustrates the encoding and decoding processes of a separately precoded broadcast code Cn =
(f1 , f2 , f, g1 , g2 ) of order n and rate R with precoded
rates R1 and R2 . X n and Y n are first separately precoded into f1 (X n ) of nR1 bits and f2 (Y n ) of nR2 bits,
and then jointly encoded into f (f1 (X n ), f2 (Y n )) of nR
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Illustration of a separately precoded broadcast code.

Definition 4: Let Csb consist of all separately precoded
broadcast codes. Given stationary sources X = {Xi }∞
i=1 and
Y = {Yi }∞
,
a
rate
distortion
pair
(R,
D)
is
said
to
be Csb i=1
achievable for (X, Y ) if for any  > 0, there exist a finite set
B ⊆ Â and, for all sufficiently large n, a separately precoded
block code Cn = (f1 , f2 , f, g1 , g2 ) of order n and rate R + 
with precoded rates R1 +  and R2 +  such that
Pr{d(X n , X̂ n ) > D + } ≤ 

(2.4)

Pr{d(Y n , Ŷ n ) > D + } ≤ 

(2.5)

Pr{f1 (X n ) 6= fˆ1 (X n )} ≤ 

(2.6)

Pr{f2 (Y n ) 6= fˆ2 (Y n )} ≤ 

(2.7)

and
where (X̂ n , fˆ1 (X n ))
=
g2 (f (f1 (X n ), f2 (Y n )), Y n ),
n ˆ
n
n
(Ŷ , f2 (Y )) = g1 (f (f1 (X ), f2 (Y n )), X n ), and both X̂ n
and Ŷ n take values in Bn .
Let Rsb (X, Y ) denote the set of all Csb -achievable (R, D)
pairs for (X, Y ). It can be verified that Rsb (X, Y ) is closed.
Given D ≥ 0, define the information distance between X and
Y at the distortion level D with respect to Csb as
∆

Rsb (X, Y, D) = min{R : (R, D) ∈ Rsb (X, Y )}.

(2.8)

As in the case of R(X, Y, D), we also aim to characterize
Rsb (X, Y, D), and analyze its relationship among different
sources X, Y , Z, etc as a notion of distance.
III. R(X, Y, D): D ISTANCE P ROPERTY AND B OUNDS
Unless otherwise specified, in this section X, Y , Z, etc
denote arbitrary stationary sources. We begin with the distance
property of R(X, Y, D) among different sources for a fixed
D ≥ 0.

resp.) denote the conditional rate distortion function of X (Y ,
resp.) given Y (X, resp.). Then the following holds:

A. Finite Alphabets
Suppose that both A and Â are finite, and
max min d(x, x̂) = 0.
x∈A x̂∈Â

(3.1)

max{RX|Y (D), RY |X (D)} ≤ R(X, Y, D)

≤ inf{max{I(Y1 ; U |X1 ), I(X1 ; U |Y1 )} + I(X1 ; X̂1 |Y1 U )
+I(Y1 ; Ŷ1 |X1 U ) : U, X̂1 , Ŷ1 }

For any D ≥ 0, define
∆

H(D) = max H(U |Û )

(3.2)

where the maximum is taken over all random variables U
and Û taking values in A and Â, respectively, such that
E[d(U, Û )] ≤ D, and H(U |Û ) denotes the conditional entropy
of U given Û . (All information quantities in this paper are
expressed in bits, and the function log is to base 2.) It is easy
to see that in the case where A = Â and d is the Hamming
distance measure on A,
H(D) = h(D) + D log(|A| − 1)

(3.3)

for any 0 ≤ D ≤ 1/2, where h(D) = −D log D − (1 −
D) log(1 − D), and |S| denotes the cardinality of S if S is a
finite set.
Theorem 1: Fix D ≥ 0. Let

R(X, Y, D)
if X = Y
∗
R (X, Y, D) =
(3.4)
R(X, Y, D) + H(D) otherwise.
Then R∗ (X, Y, D) is a pseudo distance over the set of all stationary sources, i.e., satisfying the following three properties:
(1)
R∗ (X, Y, D) = 0 if X = Y .
(2)
R∗ (X, Y, D) = R∗ (Y, X, D).
(3)
R∗ (X, Z, D) ≤ R∗ (X, Y, D) + R∗ (Y, Z, D).
Proof: Properties (1) and (2) above follow immediately
from the definition of R(X, Y, D) along with Definitions 1
and 2. To prove Property (3), i.e., the triangle inequality, we
first show that allowing random encoding mappings in the
definition of block codes Cn will not enlarge the set of all
achievable (R, D) pairs for any (X, Y ). Given any X, Y , and
Z, we then show that (R(X, Y, D) + R(Y, Z, D) + H(D), D)
is achievable by block codes with random encoding mappings
for (X, Z). Thus,
R(X, Z, D) ≤ R(X, Y, D) + R(Y, Z, D) + H(D)
from which Property (3) follows. The detailed proof in these
two steps along with proofs of other resutls can be found in
the full paper [20].
B. Abstract Alphabets
In this subsection, both A and Â are abstract. As usual,
however, we assume that the distortion measure d and stationary sources X = {Xi }∞
i=1 satisfy the following condition:
E[d(X1 , x̂)] < ∞

(3.6)

(3.5)

for some x̂ ∈ Â. Then we have the following result.
Theorem 2: Let (X, Y ) be a stationary, ergodic pair with
each of X and Y satisfying (3.5). Let RX|Y (D) (RY |X (D),

(3.7)

where the infimum is taken over all random variables U , X̂1 ,
and Ŷ1 such that E[d(X1 , X̂1 )] ≤ D and E[d(Y1 , Ŷ1 )] ≤ D,
and I denotes the mutual information and conditional mutual
information, as the case may be.
Example 1: Let X1 and Y1 be two real-valued random
variables with
X1 = aY1 + N1
where |a| ≥ 1 and N1 is independent of Y1 . Let d(x, x̂) =
|x − x̂|r with r ≥ 1. Suppose that (X, Y ) = {(Xi , Yi )}∞
i=1
is independent and identically distributed (iid). In this case, it
follows from Theorem 2 that
R(X, Y, D) = RX|Y (D).
Example 2: Let X1 and Y1 be two binary random variables
with
X1 = Y1 ⊕ N1
where ⊕ denotes the binary addition, and N1 is independent of
Y1 with Pr{Y1 = 1} = 1/2 and Pr{N1 = 1} = p < 1/2. Let
d be the Hamming distortion measure over {0, 1}. Suppose
that (X, Y ) = {(Xi , Yi )}∞
i=1 is iid. In this case, it follows
from Theorem 2 that
R(X, Y, D) = RX|Y (D).
Corollary 1: Suppose that X1 and Y1 are jointly Gaussian,
and (X, Y ) = {(Xi , Yi )}∞
i=1 is iid. Then with d(x, x̂) = (x −
x̂)2 , both the lower bound (3.6) and upper bound (3.7) are
tight, and
(
(1−ρ2 )σ 2
1
if 0 ≤ D < (1 − ρ2 )σ 2
2 log
D
R(X, Y, D) =
0
otherwise
(3.8)
where ρ is the correlation between X1 and Y1 , and σ 2 is the
maximum of the variances of X1 and Y1 .
Proof: Without loss of generality, assume that EX1 =
2
2
EY1 = 0, and σ 2 = σX
≥ σY2 , where σX
and σY2 are the
variances of X1 and Y1 , respectively. Consider three cases: (1)
D ≥ (1 − ρ2 )σ 2 , (2) D < (1 − ρ2 )σY2 , and (3) (1 − ρ2 )σY2 ≤
D < (1 − ρ2 )σ 2 . In Case (1), X and Y can be estimated
from each other. The resulting X̂ and Ŷ satisfy the distortion
requirement, and no information needs to be sent from the
encoder. Hence, R(X, Y, D) = 0.
In Case (2), let
a=

(1 − ρ2 )σ 2 − D
(1 − ρ2 )σY2 − D
and
b
=
.
(1 − ρ2 )σ 2
(1 − ρ2 )σY2

Define
V = a(X1 + N1 ) and W = b(Y1 + N2 )

(3.9)

where N1 and N2 are zero mean Gaussian random variables
with variances
D(1 − ρ2 )σ 2
D(1 − ρ2 )σY2
and
(1 − ρ2 )σ 2 − D
(1 − ρ2 )σY2 − D

By combining the information quantities in (3.21), (3.18),
(3.13), and (3.12) together, it follows from (3.7) that

respectively. Furthermore, N1 and N2 are independent of each
other and of both X1 and Y1 . Let
σ
σY
X̂1 = V + (1 − a)ρ
Y1 and Yˆ1 = W + (1 − b)ρ
X1 .
σY
σ
(3.10)
One can verify that

This, together with (3.6) and

E[X1 − X̂1 ]2 = D and E[Y1 − Ŷ1 ]2 = D.

(3.11)

Let U = (V, W ). Plugging U , X̂1 , and Ŷ1 into the respective
information quantities in (3.7), we have
I(Y1 ; Ŷ1 |X1 U ) = 0

(3.12)

I(X1 ; X̂1 |Y1 U ) = 0

(3.13)

and
I(X1 ; U |Y1 )
= I(X1 ; V W |Y1 )
= I(X1 ; V |Y1 ) + I(X1 ; W |Y1 V )
= I(X1 ; V |Y1 )

(3.14)

= H(V |Y1 ) − H(V |Y1 X1 )
= H(V |Y1 ) − H(V |X1 )
(3.15)
σ
Y1 |Y1 ) − H(aN1 )
= H(V − aρ
σY
σ
= H(V − aρ
Y1 ) − H(aN1 )
(3.16)
σY
1
[(1 − ρ2 )σ 2 ]2
=
log 2πea2
− H(aN1 ) (3.17)
2
(1 − ρ2 )σ 2 − D
(1 − ρ2 )σ 2
1
log
(3.18)
=
2
D
where (3.14) and (3.15) are due to (3.9) which implies the
conditional independence of W and (X1 , V ) given Y1 , and the
conditional independence of V and Y1 given X1 ; and (3.16)
follows from the fact that under the joint Gaussian assumption,
V − aρ σσY Y1 is independent of Y1 . In parallel with (3.18), we
have
I(Y1 ; U |X1 )
=

I(Y1 ; V W |X1 )

=

I(Y1 ; W |X1 ) + I(Y1 ; V |X1 W )

=

I(Y1 ; W |X1 )

=

H(W |X1 ) − H(W |Y1 X1 )

=

H(W |X1 ) − H(W |Y1 )
σY
H(W − bρ
X1 |X1 ) − H(bN2 )
σ
σY
H(W − bρ
X1 ) − H(bN2 )
(3.19)
σ
2 2 2
1
[(1 − ρ )σY ]
− H(bN2 ) (3.20)
log 2πeb2
2
(1 − ρ2 )σY2 − D
1
(1 − ρ2 )σY2
log
.
(3.21)
2
D

=
=
=
=

1
(1 − ρ2 )σ 2
log
.
2
D

R(X, Y, D) ≤

RX|Y (D) =

(1 − ρ2 )σ 2
1
log
2
D

implies (3.8) in Case (2).
In Case (3), Y can be estimated directly from X. Specifically, let Ŷ1 = ρ σσY X1 . With V and X̂1 defined as in (3.9) and
(3.10), respectively, we now let U = V . Plug U , X̂1 , and Ŷ1
into the respective information quantities in (3.7). Again, (3.8)
follows from a similar argument to the above. This completes
the proof of Corollary 1.
Careful examination reveals that the equal sign = in (3.16),
(3.17), (3.19), and (3.20) can be replaced by ≤ when X1 and
Y1 are not necessarily jointly Gaussian. Therefore, the above
argument also shows that the right side of (3.8) is actually an
upper bound to R(X, Y, D) for any real-valued sources X and
Y satisfying (3.5) with d(x, x̂) = (x − x̂)2 , which is stated as
a corollary below.
∞
Corollary 2: Let X = {Xi }∞
i=1 and Y = {Y }i=1 be a realvalued, stationary, and ergodic source pair with each satisfying
(3.5) with d(x, x̂) = (x − x̂)2 . Then
(
(1−ρ2 )σ 2
1
log
if 0 ≤ D < (1 − ρ2 )σ 2
2
D
R(X, Y, D) ≤
0
otherwise
(3.22)
where ρ is the correlation between X1 and Y1 , and σ 2 is the
maximum of the variances of X1 and Y1 .
We conclude this section by pointing out that the singleletter characterization of R(X, Y, D) remains open in general
even when (X, Y ) = {(Xi , Yi )}∞
i=1 is iid.
IV. Rsb (X, Y, D): D ISTANCE P ROPERTY AND
C HARACTERIZATION
In this section, we analyze the distance property of
Rsb (X, Y, D) over the set of stationary sources X, Y , Z, etc,
and characterize it in terms of Wyner-Ziv coding rates for
stationary, ergodic source pairs (X, Y ). Again, we begin with
its distance property.
A. Finite Alphabets
Suppose that both A and Â are finite, and the condition
(3.1) is met. In parallel with Theorem 1, we have the following
result.
Theorem 3: Fix D ≥ 0. Let

Rsb (X, Y, D)
if X = Y
∗
Rsb (X, Y, D) =
Rsb (X, Y, D) + H(D) otherwise.
(4.1)
∗
Then Rsb
(X, Y, D) is a pseudo distance over the set of all
stationary sources.
Remark 2: In view of the definitions of R(X, Y, D) and
Rsb (X, Y, D), it follows that
R(X, Y, D) ≤ Rsb (X, Y, D).

(4.2)

However, the above inequality, together with Theorem 1, does
not imply Theorem 3 directly.
An approach similar to the proof of Theorem 1 can be
used to show Theorem 3. To prove the corresponding triangle
inequality, we first show that allowing random joint encoding
mappings f in the definition of separately precoded broadcast
codes does not enlarge the set Rsb (X, Y ) of all Csb -achievable
pairs (R, D) for any (X, Y ). Given any X, Y , and Z, we
then show that (Rsb (X, Y, D) + Rsb (Y, Z, D) + H(D), D)
is achievable by separately precoded broadcast codes with
random joint encoding mappings f for (X, Z).
B. Abstract Alphabets
Suppose now that both A and Â are abstract. As in [21],
we make the following assumptions on d : A × Â → [0, ∞)
and stationary, totally ergodic sources X = {Xi }∞
i=1 :
A1
For any x̂ ∈ Â, Ed(X1 , x̂) < ∞.
A2
For any  > 0 and any X̂1 with Ed(X1 , X̂1 ) < ∞,
there exist a finite set B ⊆ Â and a measurable
mapping q : Â → B such that
Ed(X1 , q(X̂1 )) ≤ (1 + )Ed(X1 , X̂1 ).

(4.3)

For any stationary, totally ergodic source pair X = {Xi }∞
i=1
and Y = {Yi }∞
i=1 with each satisfying Conditions A1 and A2,
WZ
Z
let RX|Y
(D) (RYW|X
(D), resp.) denote the Wyner-Ziv coding
rate of X (Y , resp.) with Y (X, resp.) as side information
available at the decoder. Then we have the following result.
Theorem 4: For any stationary, totally ergodic source pair
∞
X = {Xi }∞
i=1 and Y = {Yi }i=1 with each satisfying
Conditions A1 and A2,
WZ
Z
Rsb (X, Y, D) = max{RX|Y
(D), RYW|X
(D)}.

It is instructive to compare Rsb (X, Y, D) with R(X, Y, D).
When X1 and Y1 are jointly Gaussian, and (X, Y ) =
2
{(Xi , Yi )}∞
i=1 is iid with d(x, x̂) = (x − x̂) , we have
Rsb (X, Y, D) = R(X, Y, D).
In general, however, it is expected that the inequality in (4.2)
is strict, which is the case, for example, when (X, Y ) is the
source pair in Example 2.
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