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Abstract—Channel estimation and beam training can be a
source of significant overhead in establishing millimeter wave
(mmWave) communication links, especially in high mobility applications like connected vehicles. In this paper, we highlight the
opportunities and challenges associated with leveraging channel
state information acquired at a lower frequency as a form of
side information on a higher frequency channel. We focus on the
relationship between spatial correlation matrices of sub-6 GHz
and mmWave channels. We provide a transform that can be used
to relate the spatial correlation matrix derived at one frequency
to another much different frequency. We derive an expression
for the excess mean squared error and use it to evaluate the
performance experienced by using the transformed correlation
in mmWave channel estimation.

I. I NTRODUCTION
A vast majority of today’s commercial wireless communication systems operate below 6 GHz. There is significantly
more bandwidth available in the millimeter-wave (mmWave)
spectrum (i.e., 30 − 300 GHz), making mmWave suitable
for gigabit-per-second data rates [1]–[4]. One distinguishing
feature of mmWave as envisioned is the use of large antenna
arrays at both the transmitter and receiver. Configuring the
antenna arrays, which maybe done through channel estimation
or beam training, is a significant source of overhead [5].
MmWave systems will likely be deployed in conjunction
with lower frequency systems to provide wide area control
signals [6], [7]. In this paper, we expose what might be
learned about the mmWave channel from much lower frequency channel measurements. Specifically, we investigate
the possibility of using the spatial correlation matrix of a
sub-6 GHz system as out-of-band side information about the
mmWave channel. The spatial correlation matrix can be used
to reduce training overhead [8] and may help in procoder and
combiner design [9]. Estimating the channel or the spatial
correlation directly using mmWave measurements requires
overhead due to hardware constraints, though sparsity can
reduce the measurements required [5].
Translating statistical information from one frequency to
another appears in work on beamforming reciprocity in frequency division duplex systems [10]–[15]. These studies highlight that although the propagation channels in uplink (UL)
and downlink (DL) are not reciprocal, the spatial information
is consistent [10]. For example, in measurements (for 1935
MHz UL and 2125 MHz DL), it was observed that the
deviation in angle-of-arrivals (AoA) of dominant paths of UL

and DL is small with high probability [13]. This similarity
can be exploited to use UL measurements to deduce DL
channel information. Several strategies have been proposed
to translate spatial correlation, based on least squares [10],
[12], [14] and minimum variance distortion-less response
[11]. In [15], a spatio-temporal correlation translation strategy
was proposed based on two-dimensional interpolation. The
translation strategies [10]–[12], [14], [15] work under a key
assumption about the congruency (or agreement) of spatial
information at the two frequencies under consideration, which
is true when the duplex gap is small (e.g., 190 MHz in
[13]). High spatial congruency, however, is unlikely when
the frequency separation is large. Furthermore, sub-6 GHz to
mmWave correlation translation involves antenna arrays with
different number of elements, requiring a transformation from
a smaller to larger spatial correlation matrix.
In this paper, we propose spatial correlation translation from
sub-6 GHz to mmWave frequencies. First, we highlight that
spatial congruency between sub-6 GHz and mmWave systems
is reduced as the propagation environment has a different
effect on low wavelength signals [16]. With the help of raytracing, we show that many but not all paths at sub-6 GHz
and mmWave overlap. Second, we propose two translation
strategies for the specific case of a narrowband single-input
multiple-output (SIMO) system model with comparable apertures at sub 6-GHz and mmWave frequencies. We propose
a translation strategy that extends [15] to the case where
the known and translated correlation matrices differ in size.
The second translation approach is based on the parametric
estimation of the mean AoA and angle spread. We derive a
metric called the excess mean squared error, and use it to
compare the performance of a minimum mean square error
estimator (MMSE) that uses a mismatched spatial correlation
matrix. Simulations compare performance of the two proposed
approaches with model mismatch.
Out-of-band measurements have been proposed and validated for mmWave beam steering in indoor 60 GHz WiFi
[17]. That work proposes to retrieve directional information
from legacy WiFi to reduce the beam steering overhead for
the 60 GHz WiFi, and confirms the value of out-of-band
information. In our paper, we focus on the congruency of the
spatial correlation whereas [17] considers primarily the lineof-sight channel directions. We also quantify the impact of
estimation error based on translated covariances.

Fig. 1: Array size and spatial resolution: Three scatterers get
resolved with larger array, whereas they are seen as a cluster
with smaller array.

Notation: bold lowercase x is used for column vector, bold
uppercase X is used to denote matrices, non-bold letters x, X
are used to denote scalar values. Superscript T and ∗ represent
the transpose and conjugate transpose. 0 and I denote the zero
vector and identity matrix respectively. CN (x, X) denotes a
complex circularly symmetric Gaussian random vector with
mean x and correlation X. We use E[·] to denote expectation
and k·kF to denote Frobenius norm. X ⊗ Y is the Kronecker
product of X and Y. Finally, vec(·) yields a vector for a matrix
argument and tr(·) denotes the trace operator.
II. S PATIAL PROPERTIES : SUB -6 GH Z VS MM WAVE
In this section, we argue that there may be enough spatial
congruence to infer spatial information about the mmWave
channel from the lower frequency channel. Hence it is worthwhile to use spatial information extracted at a low frequency
as out-of-band side information at high frequency.
There are several challenges associated with translating
information from one frequency band to another. While the
mechanisms for RF propagation are same, their effects are
different at mmWave: diffraction is not as important, scattering
can be higher, transmission has higher losses, and blockages
are more significant. In this paper, we focus on spatial properties of the channel. The larger arrays used at mmWave
imply increased spatial resolution. Hence, it is possible that a
collection of scatterers that is seen as a cluster in sub-6 GHz
(with smaller arrays) gets resolved into multiple scatterers
at mmWave as shown in Fig. 1. For similar reasons, the
higher bandwidths used for mmWave imply that there will
be more resolvability of the taps in the impulse response.
Higher spatial and temporal resolvability may lead to channel
sparsity, which can be exploited by receiver algorithms. Paths
due to transmission through objects, higher order reflections
or diffraction may disappear at mmWave, though scattering
may lead to more paths.
We useo 3D ray-tracing to demonstrate the congruency
of spatial information in sub-6 GHz and mmWave. Raytracing has been reasonably successful at predicting sitespecific mmWave propagation in the past [18]. We use Wireless Insite R software [19], and setup user equipment (UE)
and base station (BS) nodes as shown in Fig. 2. All the nodes
use half-wave dipole antennas that are excited with varying
frequencies. We have a UE locations grid of 5 × 7 = 35

Fig. 2: Ray-tracing setup: An orthographic 3D view of UE
and BS nodes placed outdoor in Rosslyn, Virginia. The arrow
represents the first transmitter in the UE grid.
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Fig. 3: AoA of dominant paths from first UE to BS 1, at 900
MHz and 72 GHz.

points at a height of 2m, with 5m separation along x and y
directions. The UE locations grid shows the same UE placed
at the grid points to generate sufficient data for experiments.
Three BS are placed on rooftops of buildings as shown. We
capture the AoA of dominant paths from UE to BS at different
frequencies. As an example, in Fig. 3 we show the azimuth
AoAs of the dominant paths from the first UE location (shown
with an arrow in Fig. 2) to BS 1. The AoA of the dominant
paths are calculated at 900 MHz and 72 GHz, and the powers
of received paths are normalized for easier visualization. A
majority of paths are common at two frequencies, with a few
distinct paths.
In Fig. 4, we show the fraction of paths with common AoA
as we increase the frequency separation. We consider a total of
25 dominant paths (from each UE location to every BS) at each
frequency. We use 5 logarithmically spaced test frequencies
from 900 MHz to 90 GHz, with 900 MHz as the base case
(i.e., the commonality of angles at different frequencies is
tested against angles at 900 MHz). We average the fraction of
common paths across all UE locations. From the results, we
see that as expected, the fraction of common paths decreases
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fH . Assume that the two systems have co-located horizontally
aligned receiver antenna arrays, and further that the physical
size is same for both arrays, as shown in Fig. 1. The same
physical size for both arrays is well motivated as due to smaller
wavelengths at mmWave, more antennas can be packed into
the same physical space.
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Fig. 4: Fraction of paths with common AoA vs frequency (base
case 900 MHz).

B. Structure in RL and RH

with increased frequency separation. That said, the percentage
of paths with common angles at frequencies far apart is still
well over 90 percent, implying strong congruency in spatial
information. We propose to exploit this congruency through
the spatial correlation.

To provide a concrete example, in this section we consider
the differences between RL and RH assuming the same θ̄, σθ ,
and PAS given by the truncated Laplacian distribution

√
 √ β e−| 2θ/σθ | if θ ∈ [−π, π]
(3)
Pθ (θ) =
2σθ

0
otherwise

III. S PATIAL CORRELATION AT SUB -6 GH Z AND MM WAVE
In this section, we present a simple uplink system model.
Subsequently, we highlight the structure in correlation matrices
and outline the proposed correlation translation strategies.
A. SIMO system model
Consider a communication link from a single-antenna UE to
a BS equipped with M antennas. Under a narrowband channel
model, the M -dimensional received signal at the BS can be
written as
y = hs + v,

(1)

where h is the M ×1 channel vector, s denotes the transmitted
symbol, and v ∼ CN (0, σv2 IM ) is the additive white Gaussian
noise. We use subscript (·)L to denote the parameters of low
frequency system and (·)H for high frequency system, when
the need arises.
For the channel h, we assume that waves arriving from similar directions are grouped into a cluster. Using this modeling
approach, the cluster is associated with a mean AoA θ̄, an
angle spread σθ , and a power azimuth spectrum (PAS) with
characteristic function B(x) corresponding to σθ = 1.
The spatial correlation matrix for the the channel vector
h is defined as R = E[hh∗ ]. Under a small angle spread
assumption [20], the spatial correlation matrix for a uniform
linear array (ULA) can be represented as


d
d
[R]i,j = e(i−j)2π λ sin(θ̄) B (i − j)2π sin(θ̄)σθ . (2)
λ
For convenience, we use ρ( λd (i−j)) = [R]i,j . This correlation
function will be used for spatial correlation translation assuming the same mean AoA and angle spread. The arguments
highlight the dependence of correlation function on (i) interelement spacing d, (ii) frequency f (via wavelength λ), and (iii)
the relative distance of antenna elements i and j via index
difference m = i − j. Furthermore, the correlation function is
symmetric ρ( λd m) = ρ∗ (− λd m).
Now, consider a sub-6 GHz communication system operating at fL , and an mmWave communication system operating at

√

where β = 1/(1 − e− 2π/σθ ) is a normalization factor needed
to make the function integrate to one. With the distribution in
(3), the correlation function for system operating at fL is [21]


j 2π d m sin(θ̄)
βe λL L L
dL
mL =
.
(4)
ρL
σ2
λL
2
1 + 2θ [ 2π
λL dL mL cos(θ̄)]
The correlation function ρH ( λdHH mH ) is defined analogously.
For a given value of m, a dilation factor κ = ddHL λλHL captures
the difference in the correlation due to the differences in
interelement spacing and frequencies. If the relative antenna
spacing is fixed at d/λ = 1/2 for both frequencies, then κ = 1.
Now suppose that κ = 1. For a receiver with ML elements,
we have mL ∈ [−ML + 1, −mL + 2, · · · , ML − 1]. Similarly,
mH ∈ [−MH + 1, −mH + 2, · · · , MH − 1]. As the number of
antennas at mmWave is higher than sub-6 GHz, the index
difference mH has a wider range. Hence, the correlation
function ρL needs to be extrapolated to obtain ρH . In terms
of correlation matrices, a larger index difference for mmWave
implies that a bigger correlation matrix needs to be constructed
from a correlation matrix with smaller dimensions. For general
values of κ, both interpolation and extrapolation are required.
C. Correlation translation
We now propose two approaches for translating known RL
to get an estimate of RH . In prior work [10]–[15], the same
array was used for both carriers, thus the only source of
discrepancy was the slight differences in d/λ. In our case, the
differences come from both d/λ and differences in the number
of elements. Along these lines, the first translation approach
is a generalization of [15], and we call it non-parametric
approach.
Interpolation and extrapolation of ρL is required to estimate
the desired correlation R̂H from RL . We propose to interpolate
the magnitude and phase functions separately, motivated by
the natural separation of terms into magnitude and phase [15],
[20], [21] as shown in (2).
The correlation magnitude for a clustered channel is smooth.
For example, a single cluster channel with truncated Laplacian

1

|ρH |
|ρ̂H |
|ρL |

0.8

particular AoA distribution and the corresponding correlation
expressions for construction of mmWave correlation matrix.
IV. C HANNEL ESTIMATION WITH TRANSLATED
CORRELATION AND EXCESS ERROR

|ρ|

0.6

The translated correlation R̂H can be used for many different purposes in an mmWave system. In this section, we
consider the specific application of MMSE channel estimation.
In particular, the derived R̂H based on RL is used in place
0.2
of the true RH in an MMSE estimator. Note that hardware
constraints like the use of hybrid precoding and combining
make it difficult to estimate an mmWave channel directly as
0
−60
−40
−20
0
20
40
60 considered here. We defer consideration of different receive
m
hardware architectures to future work.
Assume that the mmWave channel, h, is estimated using a
Fig. 5: Correlation magnitude extrapolation: The true and
estimated magnitudes of correlation function, when θ̄ = 45◦ block of K symbols and collectively denote the K training
symbols as sT = [s1 , s2 , · · · , sK ]. Now, we can write the
and σθ = 2◦ .
received signals in the following manner
0.4

AoA distribution has correlation magnitude [21]
d 
β
ρ m =
.
σθ2 2π
λ
1 + [ d(i − j) cos(θ̄)]2
2

Y = [y1 , y2 , · · · , yK ]

= h[s1 , s2 , · · · , sK ] + [v1 , v2 , · · · , vK ]

(5)

λ

As such we expect that spline interpolation with the right
choice of parameters will provide good performance. Good
quality extrapolation, however, is more challenging. As an
example, consider extrapolation from ML = 8 antenna system
to a MH = 64 antenna system, with κ = 1. The correlation
magnitudes for this setting are shown in Fig. 5. We have found
that, for settings where long-range extrapolation is necessary,
it is best to resort to linear extrapolation truncated at 0.
Note that the phase, ψ(ρ) = arg(ρ), can be unambiguously
determined only in the interval (−π, π]. That said, the phase of
ρ, ψ(ρ), increases linearly in the argument of g and hence the
jumps of 2π can be observed when the phase leaves this interval. For interpolation of phase, the actual linearly increasing
phase needs to be reconstructed. Hence, the observed phase is
first unwrapped and then linearly interpolated (or extrapolated)
before it is re-sampled for correlation translation. Based on the
phase structure of (2), the phase interpolation should have little
error if done correctly.
After the magnitude and phase are translated, they are
combined to generate the translated correlation matrix. Due
to the interpolation (and especially extrapolation) operations,
the resulting matrix may not be positive definite. To enforce
positive definiteness, we replace any negative eigenvalue with
the least positive eigenvalue of the translated correlation.
As a second strategy, we suggest a parametric approach.
Prior work has considered the specific problem of estimating
both the AoA and the angle spread jointly from an empirically
estimated spatial correlation matrix. We propose to use spread
Root-MUSIC [20] with the parameters set for a single cluster.
Then we use the estimated θ̄ and σθ in (2) to generate R̂H .
A disadvantage of the parametric approach is reliance on a

= hsT + V.

(6)

Stacking the columns of Y, we obtain
ỹ = vec[Y] = (s ⊗ IM )h + vec[V] = S̃h + ṽ,

(7)

where ỹ and ṽ are KM × 1 vectors, and we denote KM × M
matrix S̃ = s ⊗ IQ . The linear minimum mean square error
(LMMSE) estimate (which is identical to the MMSE in this
case) with true correlation RH , is [22]
ĥ = RH S̃∗ (S̃RH S̃∗ + σv2 IKM )−1 ỹ.

(8)

The minimum MSE of the LMMSE estimator is [22]


K
(9)
MMSE = tr R−1
H + 2 IM .
σv
With imperfect correlation knowledge, however, the MSE
has an additional component that we call excess mean squared
error (EMSE). Hence, if we use translated correlation R̂H , in
(8), the MSE is
MSE = MMSE + EMSE.

(10)

The EMSE for additive perturbation in the real domain
was derived in [23]. We provide its extension to the setup
in (7), where the unknown is scaled (in our case by S̃) and
additively perturbed. We use the following theorem to quantify
the EMSE incurred by the mismatch between true correlation
RH and the translated correlation R̂H .
Theorem 1. If the true correlation matrix, RH , and the
translated correlation matrix, R̂H , differ by an additive perturbation Γ (i.e., R̂H = RH +Γ) that ensures positive definiteness
of R̂H , then the EMSE of the estimator is
EMSE = tr (ΥRỹ,H Υ∗ ) ,

(11)

0.25

where Rỹ,H = E[ỹỹ∗ ] = (S̃RH S̃∗ + σv2 IKM ) and
Υ = ΓS̃∗ (Rỹ,H + S̃ΓS̃∗ )−1

σθ = 5◦
σθ = 10◦
σθ = 15◦

CMD

0.2

−1
− RH S̃∗ Rỹ,H−1 S̃(IM + ΓS̃∗ R−1
ΓS̃∗ R−1
ỹ,H S̃)
ỹ,H .
(12)

solid: non-parametric approach
dashed: parametric approach

0.15
0.1

Proof: See Appendix A.
We use the results of Theorem 1 to evaluate the estimator
performance using the mismatched correlation matrix.

0.05

V. S IMULATION RESULTS

dcorr (RH , R̂H ) = 1 −

tr(RH R̂H )
kRH kF kR̂H kF

∈ (0, 1].

(13)

The results for correlation translation are shown in Fig. 6.
It can be observed that CMD increases with frequency separation. This behavior is more pronounced when the angle
spread is 5◦ , which is the case of greatest mismatch. Note
that a smaller angle spread implies higher correlation. The
channels for 900 MHz are mildly correlated (i.e., σθ = 15◦ ).
When channels for other frequencies are highly correlated (i.e.,
σθ = 5◦ ), the translation (from mildly correlated to highly
correlated channels) understandably yields a higher CMD.
The parametric approach performs better compared with nonparametric approach. This is expected as the postulated AoA
distribution used for constructing the translated correlation
(i.e., truncated Laplacian) is the true AoA distribution. Further, in this simulation we use the true (not estimated) low
frequency covariance matrix. Intuitively, if the postulated and
actual AoA distributions did not match, the advantage of parametric approach over non-parametric approach will diminish.
In the second experiment, we test the EMSE (11) of the
LMMSE estimator with translated correlation matrices. We
estimate the channel of an mmWave system operating at 30
GHz with MH = 32. The number of pilots K for LMMSE is
equal to the number of antennas in mmWave system MH . The

0

100

101
Frequency (GHz)

102

Fig. 6: Correlation conversion accuracy: Correlation matrix
distance vs frequency separation with varying angle spreads.
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In this section, we present simulation results of two experiments. In the first experiment, we test the correlation
translation accuracy as a function of frequency separation. We
simulate a system operating at 900 MHz with 4 antennas and
half wavelength antenna spacing. For this sub-6 GHz system
we assume a cluster with θ̄ = 45◦ and σθ = 15◦ . We use
the theoretically computed correlation matrix from (2) with a
truncated Laplacian distribution. We then test the correlation
translation accuracy at different frequencies. We assume a
half wavelength spacing at each frequency, and hence as we
increase frequency (and keep the physical array size constant),
we increase the number of elements in the array. To simulate
the effect of possible differences in spatial information across
frequencies, we test the translation accuracy for three high
frequency angle spreads σθ = 5◦ , 10◦ and 15◦ , keeping other
parameters consistent with 900 MHz case. We use correlation
matrix distance (CMD) to test the conversion accuracy [24].
The CMD between a matrix, RH , and its estimate, R̂H , is
defined as
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Fig. 7: Excess mean squared error: EMSE (dB) vs SNR (dB)
for translated correlations with varying angle spreads.

translated correlation matrix is obtained from a sub-6 GHz
system operating at 900 MHz with 4 antenna elements spaced
at half wavelength. The mean AoA and angle spreads for sub6 GHz and mmWave frequency are consistent with the first
experiment. The EMSE results, as a function of signal-to-noise
ratio (SNR), are shown in Fig. 7. We have the worst EMSE
when high frequency angle spread is 5◦ by the same reasoning
as in previous experiment. Finally, as the postulated and true
AoA distributions match, the parametric approach expectedly
yields lower EMSE compared to the non-parametric approach.
VI. C ONCLUSION
In this paper we argued that spatial correlation information
is related at sub-6 GHz and mmWave bands. We proposed two
methods to translate the lower frequency spatial correlation to
the higher frequency: a non-parametric approach (based on
interpolation/extrapolation) and a parametric approach (based
on estimates of AoA and angle spreads). To evaluate their
performance, we derived an expression for the excess mean
squared error of the LMMSE estimator that uses the mismatched spatial correlation. We found that the performance

gap between translated and true correlation increased as a
function of frequency, decreased with SNR, and increased
with the angle spread gap. There are many directions for
future work that involve expanding the model to include
other array geometries, more complicated channels, broadband
channels, multiple transmit and receive antennas, and hardware
constraints. There are other ways to exploit spatial correlation
information besides LMMSE estimation including initialization for beam training or statistical precoding followed by
further channel estimation. Finally, there are other kinds of
congruence that could be explored, notably sparsity which can
be used in compressed channel estimation and compressive
covariance estimation.
A PPENDIX A
P ROOF OF T HEOREM 1
The channel estimate, (8), can be written as
ĥ = (RH + Γ)S̃∗ (S̃(RH + Γ)S̃∗ + σv2 IKM )−1 ỹ,
= (RH + Γ)S̃∗ (Rỹ,H + S̃ΓS̃∗ )−1 ỹ.

(14)

By applying the matrix inversion lemma, we have that
(Rỹ,H + S̃ΓS̃∗ )−1 =
−1
∗ −1
−1
R−1
ΓS̃∗ R−1
ỹ,H − Rỹ,H S̃(IM + ΓS̃ Rỹ,H S̃)
ỹ,H , (15)

which combined with (14) yields
ĥ = (RH S̃∗ R−1
ỹ,H + Υ)ỹ,

(16)

where Υ is defined in (12). The error correlation matrix C is
C = E[(h − ĥ)(h − ĥ)∗ ],

(17)

which after simple algebraic manipulation becomes
C = R−1
H +

K −1
I) + ΥRỹ,H Υ∗ .
σv2

(18)

The MSE is the trace of error correlation matrix, i.e.,


K −1
MSE = tr R−1
+ ΥRỹ,H Υ∗
H + 2 I)
σv



K −1 
(a)
∗
= tr R−1
+
I)
+
tr
ΥR
Υ
ỹ,H
H
σv2
= MMSE + EMSE.
(19)
where the first term in (a) is MMSE from (9) and the second
term is EMSE as claimed in Theorem 1.
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